The theory of the low energy electron point source (LEEPS) microscope is presented in matrix form to account for multiple scattering. An iterative method is used to solve the matrix equation for the structure factor. An algorithm is developed for the storage and use of only the dominant elements of the structure matrix; this allows for the study of considerably large clusters. Examples of large clusters of atoms are studied to compare single scattering (SS) and multiple scattering (MS). A Kirchhoff-Helmholtz transform is used for the reconstruction. We report results where SS and MS give essentially the same reconstructions, and other results where SS and MS reconstructions are in severe disagreement. We find, for example, that SS and MS give virtually the same reconstruction along the optical axis for clusters that are "short" lateral to, but "long" in the direction of, the optical axis. In contrast, we also find that SS and MS give vastly different reconstructions lateral to the optical axis for clusters that are "wide" lateral to, and "thin" in the direction of, the optical axis. Some other results are also reported. Implications for further theoretical work, and for experimental LEEPS microscopy, are discussed.
Introduction
Over 50 years ago Gabor [1] proposed "lensless microscopy". A portion of a coherent beam of particles with a wave nature scatters elastically off an object and interferes with the coherent reference wave at a two-dimensional detector. This creates a hologram that contains information on both the amplitude and the phase of the scattered wave. The laser provided a coherent source of photons for light holography. Electron holography has more recently been demonstrated in electron microscopy [2, 3] , in photoemission electron holography [4] , and in lensless low energy electron microscopy [5] [6] [7] [8] [9] . Reviews have been collected by Tonomura et al. [10] . A major experimental breakthrough in low energy electron holography was made by Fink [5, 6] by creating an ultrathin metal tip. At the apex of the tip only a few, or even just a single atom, acts as a "point" source for a coherent electron beam [6] [7] [8] .
In the low energy electron point source (LEEPS) microscope, electrons with energies in the range 20-200 eV scatter off the atoms in a sample a distance d = 0.1-1 µm from the point source. On a screen a distance D ≈10 cm from the source, an image with a magnification D/d results from interference of the unscattered and the scattered electrons. If the object only blocks a small fraction of the incoming electron beam, most electrons arrive on the screen unscattered and we have the typical situation of an in-line hologram.
A scattering theory for simulating LEEPS images, and an algorithm for the reconstruction of the object has been developed [11] . Theoretical studies have so far mostly considered only single scattering. However, a matrix method [12] was also developed to take into account multiple scattering in clusters. For a cluster of N s atoms scattering in all partial waves up to L, the square matrix involved is of dimension N s (L + 1) 2 , which is much too large to store when investigating clusters of considerable size.
In a recent work [13] , we investigated the implications of multiple scattering. In particular, we compared the quality of the reconstructed images for multiple scattering vs. the approximation of single scattering. In all the cases we studied, we found that, even in situations where multiple scattering was important, both single scattering (SS) and multiple scattering (MS) gave faithful reconstructions of the wave front at the object with clear atomic resolution.
Nevertheless, one expects that there must be cases where SS and MS give very different reconstructions. We have, therefore, set ourselves the task in this paper to compare the SS and MS reconstructions for a variety of cluster sizes and shapes. We will examine clusters that are long in the optical direction and short lateral to the optical direction. We also study the opposite extreme: clusters thin in the optical direction and wide lateral to the optical direction.
To extend our investigation to the largest cluster size possible, we develop an algorithm that allows the reconstruction of the matrix for a crystalline cluster from the knowledge of its largest elements only. For example, we replace by zero a large number of elements of the matrix that have small magnitude. Physically, this is tantamount to ignoring multiple-scattering events that have small probability amplitudes. The use of this "sparse matrix" enables us, where necessary, to examine fairly large clusters.
Method
Theoretical electron holography [11] is based on the Lippmann-Schwinger equation. The electron source is treated as emitting spherically symmetrical waves. The scattering wave function for this spherical incoming wave is
wherẽ
The Y lm are spherical harmonics, r i is the position of the ith atom, k = 2π/λ = √ 2mE/ is the wave number of the electrons of wavelength λ and energy E, and δ l (E) is the phase shift for the scattering of an electron with angular momentum l and energy E off an atom in the solid. (The phase shifts can be obtained from LEED theory. 2 ) Multiple scattering enters the scattering wave function (2) via the structure factor. The equation for the structure factor can be written as a matrix equation. Let F denote a column vector whose transpose is given by
consisting of all structure factors for all relevant partial waves (up to L) at all N s atomic positions. The matrix equation for F is
where is a column vector with components
and M is a matrix with zeros along its diagonal and with off-diagonal components given by
The problem encountered in studying multiple scattering is the size of the matrix. (Note that the vector F has dimension N s (L + 1) 2 .) If the cluster of atoms has some spatial symmetries then M will assume block form. We investigated this symmetry in our previous work [13] . We gave a simple example showing the symmetry and we developed an algorithm for storing only the distinct elements of the matrix M. By exploiting the symmetry and storing only the distinct elements of the matrix, it was our intention to find a quick method of solving for F . (For details, see ref. 13 .) In most cases of interest, it turned out that the iterative method was actually faster than using an alternative method wherein only distinct elements were stored (see ref. 13 ). This proves to be the case again in this work; the straightforward iteration procedure produces sufficient convergence.
It is important that we address the issue of convergence of the series in (5). We examined, in ref. 13 , the convergence properties of this equation for a large number of examples. We found, in general, that the series converges, and to the correct solution (see below) for "large" clusters only if L = 0. We cannot, however, be satisfied with just the L = 0 results because we always found, in ref. 13 , that multiple and single scattering gave very similar reconstructions for L = 0. If we are to find important differences between SS and MS reconstructions, and not just minor differences, we must examine L > 0. We, therefore, seek the best possible results for L > 0, even if they are not exact. For thick clusters, the series approaches a limiting or "best" value, provided one sums an "optimal" number of terms. Proceeding beyond this optimal number results in a departure from the optimal value, and that the best approximation is obtained by summing the optimal number of terms. To capture the essential physics, we must therefore use the best solution possible, and terminate the power series at the optimal point. A full discussion of this issue of convergence, and the justification for ascribing physical significance to the reconstructions obtained, was given in ref. 13 . For example, in ref. 13 we presented exact reconstructions for a (3|2)-type cluster with 20 3 × 3 layers, with E = 122 eV and L = 4. For this cluster and for this electron energy, the convergence of the series was exact. We determine whether or not we have exact convergence as follows. Knowing , (5) is used to calculate F . Using the result obtained for F , we calculate the column vector F , defined by F ≡ (1 − M)F . Exact convergence means that
The importance of the exact convergence for the (3|2)-type cluster was that it showed that the atomic structure revealed by an exact solution was, for all intents and purposes, the same as the structure revealed by the optimal solutions for similar clusters. Consequently, that atomic resolution is obtained along the optical axis in these cases of optimal convergence, even for multiple scattering including partial waves up to L = 4 or L = 5, strongly supports the claim that the correct physical behaviour has been captured by the procedure we have chosen to employ. We emphasize that, as such, the optimal results we will show in this paper are, like those given in ref. 13 , the best that can be obtained.
Let F op and op denote the results for "optimal convergence". We will show in this paper that use of the above formalism allows us to establish definitively where multiple and single scattering present different pictures of the atomic structure of the cluster. For completeness, we also point out that the cluster sizes and L-values we will use are the largest that we can examine within our computational limitations.
As a result of this issue of convergence, we must examine a large number of cases, varying the geometry of the cluster and the following length scales: the interatomic spacing within each layer, a; the spacing between successive layers, d; and the electron wavelength, λ (i.e., the electron energy E). We have studied many examples, enough to be convinced that the principal physical effects have been captured by our approach.
We also gave in our previous work [13] a full discussion comparing multiple scattering in LEED to multiple scattering in LEEPS.
Simulation of images
The image on a screen a distance D from the source is calculated using the wave function (1)
For simplicity, we have used a spherical incoming wave. The factor D/r reflects the feature that the image intensity is given by the flux of electrons arriving at the screen, not by their probability density. The background flux is usually subtracted from (8) to obtain
Reconstruction
In addition to proposing holography with point sources, Gabor also suggested a means of reconstructing the three-dimensional object wave front from a two-dimensional hologram. The method is based on the Kirchhoff-Helmholtz transform
where the integration extends over the two-dimensional surface of the screen with coordinates ξ = (X, Y, D), a distance D from the source. It has been shown previously that this formula works for simulated images calculated in LEEPS microscopy and also for the reconstruction of experimental images, both for electron and for optical in-line holography [14] . We emphasize that the use of (10) is required in theoretical LEEPS microscopy, as we have spherical waves incident on a flat screen, unlike various other holographies, wherein (almost) plane waves arrive at a flat screen and a Fourier transform can be used (see ref.
15 for full discussion). 
Examples
We now turn to examples to examine the role of multiple scattering on image formation and on the quality of reconstruction. In Fig. 1 , we show the reconstructions obtained from the simulated LEEPS images originating from a carbon cluster consisting of three layers of 5 × 5, 4 × 4, and 5 × 5 atoms each, arranged for convenience on a bcc lattice, calculated in the SS approximation and also taking full account of MS. The distance a between neighbouring atoms within each layer is a = 2.5 Å, while the separation d between layers is d = 4.5 Å. The electron energy was 95 eV and phase shifts in five partial waves have been included in the calculation. We compare in Fig. 1 the reconstructions from the images calculated in the SS approximation (broken-line curves) and for MS (continuous-line curves). In Fig.  1a , the reconstructions are along the optical axis through the central atoms in the two 5 × 5 layers, and in Fig. 1b the cut is along the diagonal of the front 5 × 5 layer. It is clear that at this energy and for this cluster there is no qualitative difference in the lateral reconstruction that results from using the SS approximation. The difference between the SS and MS reconstructions in depth is slight but noticeable, even though both clearly reveal the two atomic layers.
In our previous investigation [13] we examined a variety of clusters, all of bcc structure. Specifically, e.g., we obtained reconstructions for 5|4|5|4|5|4|5|4|5|4|5 carbon and gold clusters (i.e., the notation here refers to alternating 5 × 5 and 4 × 4 layers). Reconstructions along the optical axis, through the central atoms of the 5 × 5 layers, revealed the same atomic structure for both SS and MS. Similarly, reconstructions for SS and MS diagonally across, for example, the third 5 × 5 layer showed the same atomic resolution, although the MS reconstruction was not quite as good as the SS reconstruction.
We also obtained SS and MS reconstructions for the following carbon cluster: a (3|2)-type carbon cluster, with 20 3 × 3 layers, L = 4, and E = 122 eV. The reconstruction along the optical axis through the geometrical center of the cluster revealed the same atomic structure for both SS and MS. Note that, for this cluster and this electron energy, even with L > 0, the convergence is exact. (See ref. 13 for further discussion.)
What was not done in the previous work, and will be presented here is as follows. We examine reconstructions for extremely long clusters along the optical axis, and along diagonal cuts lateral to the optical axis for clusters that are thin along the optical axis and wide lateral to the optical axis. We refer to the former type as "long" clusters and the latter as "wide" clusters. The reconstructions simulate what is actually done in experiments.
We examine and report results for the following carbon clusters: (a) a (3|2)-type cluster, with 160 3 × 3 layers; (b) a (5|4)-type cluster, with 80 5 × 5 layers; (c) an 8|9|8 cluster; (d) a 9|10|9 cluster; (e) a 14|13|14 cluster; and (f) a 20|19|20 cluster.
We were able to use the full matrix to study the smaller clusters, namely, cases (c), and (d). We used the sparse matrix algorithm for the other, larger clusters: cases (a), (b), (e), and (f). We performed numerous tests to ensure that the sparse matrix algorithm would give reliable results for these large clusters. We found that by eliminating all matrix elements having a magnitude less than 0.05 of the magnitude of the largest matrix element, we would typically discard about 95% to 98% of the matrix (depending on the cluster size and the value of L); retaining and using only the most dominant matrix elements gave the same atomic reconstructions as were obtained using the full matrix for the smaller clusters studied. We are thus confident that the structures obtained using the sparse matrix algorithm are physically reliable. We emphasize that these larger clusters could not have been studied using the full matrix, i.e., retaining and using all matrix elements. It is the sparse matrix method that has allowed us to extend our study well beyond what we reported previously [13] .
For all of the long clusters, reconstruction through the center of the cluster along the optical axis revealed the same atomic structure for both SS and MS. As an example of this, we show in Fig. 2 the SS and MS reconstructions for the (3|2)-160 3 × 3 layer cluster. Both SS and MS reveal the same atomic structure; the only significant difference is that SS is sharper near the "back" of the cluster than is MS. For the (5|4)-80 5 × 5 layer cluster, both SS and MS are virtually the same throughout the entire 80 5 × 5 layers.
In Figs. 3-5, we show SS and MS reconstructions for "lateral diagonal cuts" for the 9|10|9, 14|13|14, and 20|19|20 clusters. In all three figures we show each of the three layers. (By lateral diagonal cut we mean a cut that is at a fixed z-value and is from one atom at one corner of the square planar array, through to the central atom of the array, on to the diagonally opposite corner atom in the plane.)
In Fig. 6 we compare the reconstructions obtained using the full matrix as compared to using the sparse matrix for a (3|2)-type cluster with 20 3 × 3 layers.
For the 9|10|9 cluster (Fig. 3) , SS and MS give essentially the same picture for the middle and back layers, but give drastically different reconstructions for the "front" layer: the MS reconstruction fails to reveal the true atomic character of the front layer! Another, less obvious, problem with both SS and Reconstructions for a (3|2)-type carbon cluster, with 160 3 × 3 layers with a lattice constant of 3 Å, and with a separation between layers of 4.5 Å; L = 3 and E = 122 eV. The sparse matrix method was used; only matrix elements having magnitude 0.05, or greater, of the largest element were retained. The cut is along the optical axis through the geometrical center of the cluster. The continuous lines are for multiple scattering; the broken lines are for single scattering. In both cases the atomic structure is evident.
MS is found in the 10 × 10 layer: in both treatments, the atomic structure is incorrect. One could argue (in both cases) that there are either 9 or 11 atoms, but certainly not 10. Moreover, a careful inspection shows that, whereas the peaks at the edge are at the atomic sites, the peaks in the middle are located midway between the true atomic positions. The same features were found for the 8|9|8 cluster (using the same electron energy and the same intraplane and interplane spacings).
For the 14|13|14 cluster (Fig. 4) , SS and MS give essentially the same picture only for the front layer, but give significantly different reconstructions for the middle and back layers: the multiple-scattering reconstruction does not give the true atomic character of any of the three layers. Again, for both SS and MS, the reconstructions do not give the correct number of peaks for the middle 13 × 13 layer.
We thus have two important results, i multiple scattering does not even come close to reproducing the true atomic character of several layers of these test clusters;
ii the middle layer is not correctly reproduced in either SS or MS.
Developing methods of overcoming these problems is essential, and is a project that goes beyond this investigation.
For the case of a single 9 × 9 layer, the reconstructions for both SS and MS reveal the true atomic structure. The true atomic structure is also found for both SS and MS for a 9|10 cluster. This tells us that the problem with the MS reconstruction of the 9|10|9 cluster is inextricably associated with the Reconstructions for a 9|10|9 carbon cluster. The cuts are lateral diagonal cuts: (a) across the front 9 × 9 layer; (b) across the 10 × 10 layer; and (c) across the back 9 × 9 layer. Single scattering (broken lines) clearly shows atomic resolution in both (a) and (c). Multiple scattering (continuous lines) also reveals the atomic structure in (c), but fails utterly in (a). Note that in (b) both single and multiple scattering agree, but do not give the correct atomic structure, as discussed in the text. In these plots, the electron energy is E = 185 eV, and L = 4; the lattice constant is 3.5 Å, and the separation between layers is 4.5 Å.
coupling between the back plane and the other two planes of atoms, and is not due, for example, to multiple-scattering events within the 9 × 9 layer.
Further evidence supporting this idea is that the front 9 × 9 layer reveals improved reconstruction as the interlayer spacing is increased in the 9|10|9 cluster.
An interesting result is obtained upon reconstruction of the 20|19|20 cluster (Fig. 5) . Both 20 × 20 layers are cleanly reconstructed for both SS and MS; the 19 × 19 layer, although not as sharp as the two 20 × 20 layers, still gives good reconstruction for both SS and MS. Why would the larger, 20|19|20 cluster, give better reconstruction than the smaller 9|10|9 cluster? One possibility is that this is due to the larger intraplane spacing in the 20|19|20 cluster as compared to the 9|10|9 cluster (it is 3.5 Å, for the 9|10|9 cluster, 5 Å, for the 20|19|20 cluster; see figure captions). Another possibility is the differences in the interplane spacings.
The importance of the clean reconstruction shown in Fig. 5 is that we see that it is not a simple matter to determine what conditions allow for good reconstruction using multiple scattering. The trend may be that good lateral reconstruction generally occurs when the size of the cluster in the optical direction is comparable to or larger than the lateral width, and that poor lateral reconstruction occurs for clusters whose lateral width is significantly larger than the optical length. In support of this, recall that in ref. 13 we saw good lateral reconstruction for the thick 5|4|5|4|5|4|5|4|5|4|5 carbon clusters. Moreover, we have examined every 5 × 5 and every 4 × 4 layer in the gold 5|4|5|4|5|4|5|4|5|4|5 cluster of ref. 13 and have found that excellent lateral reconstruction is found in every layer.
For completeness, we again point out that we have had to adjust the values of the intraplane spacing, a, and the interplane spacing, d, to obtain suitable "convergence". For example, for the 20|19|20 cluster, we could not get any convergence using a = 3.5 Å, and d = 4.5 Å. Our two main results are as follows. We have shown that SS and MS can give the same reconstructions in many cases. We have nevertheless certainly also shown that there exist cases where MS will give reconstructions that fail utterly to reveal the true structure of the cluster. It is to be expected that there must be numerous cases where atomic structure cannot be deduced when multiple scattering is important.
Outlook
In this paper, we have used the multiple-scattering theory to calculate electron holograms for the point-source electron microscope. We have given several examples which show that even when multiple scattering is important, one can still obtain reconstructions that reveal the atomic structure along the Reconstructions for a (3|2)-type carbon cluster, with 20 3 × 3 layers with a lattice constant of 3 Å, and with a separation between layers of 4.5 Å; L = 4 and E = 122 eV. The cut is along the optical axis through the geometrical center of the cluster. Both reconstructions are for multiple scattering. The continuous line is for full multiple scattering: all matrix elements are used. The broken line is for the sparse matrix routine, wherein only elements with magnitude larger than 0.05 of the magnitude of the largest matrix element are retained, as described in the text. In both cases the same atomic structure is revealed. optical direction. This is encouraging in the sense that we can be confident in using the single-scattering approximation in many cases of physical interest. We have also found, however, that in other cases of physical interest, reconstructions wherein multiple scattering is taken into account fails to reveal the atomic structure lateral to the optical axis. This seems to occur for clusters that are wide laterally and thin in the optical direction. The importance of this result is that the single-scattering approximation used in theoretical work will not correspond to what is found in experimental holograms, for these cases.
Improvements in experimental LEEPS are much desired. That we encounter difficulty in our theoretical reconstruction of clusters with only up to hundreds of atoms, and where we use an emission cone of 35 • , strongly suggests that practical use of the LEEPS microscope will require a much bigger emission cone than is presently being used in experimental inquiries.
In the meantime, theoretical advances can and must be continued. An important next step is to develop methods to reconstruct the cluster properly in cases where the standard procedure fails to do so, as has been found in this paper.
Based on a previous investigation, in which two or three holograms were combined in a nontrivial manner to yield great improvement in reconstructions [15] , we anticipate that the multiple-scattering reconstructions can be improved by combining a few holograms in a manner similar to that described in ref. 15 .
